Abstract. We study the elasticity operator in a semi-strip subject to free boundary conditions. In the case of zero Poisson ratio we prove the existence of a positive eigenvalue embedded in the essential spectrum. Physically, the eigenvalue corresponds to a \trapped mode", that is, a harmonic oscillation of the semi-strip localized near the edge. This e ect, known in mechanics as the \edge resonance", has been extensively studied numerically and experimentally. Our result provides a mathematical justi cation.
Introduction
In this paper we study a particular self-adjoint operator A with spectrum (A) = 0; +1) and prove the existence of a positive eigenvalue e . Our proof is based on the use of certain symmetries of A which allow us to identify suitable invariant subspaces. The crucial step is to choose an invariant subspace in such a way that the restriction of A to this subspace has essential spectrum separated from zero.
Then the existence of an eigenvalue below this essential spectrum is established by a standard variational argument.
The approach outlined above is typical for recent rigorous results on trapped modes 3], 5], 6], 7]. However, these papers dealt only with the Laplacian acting on scalar functions, whereas we shall consider an operator acting on vector-functions. This leads to a major di culty because in the case of a system of equations spatial symmetries are insu cient for separating the essential spectrum from zero. Therefore we will have to make use of an additional internal (hidden) symmetry of our operator.
Our operator A describes the harmonic vibrations of an elastic semi-strip subject to free boundary conditions. The existence of an eigenvalue for this operator was conjectured a long time ago on the basis of extensive numerical and experimental data, as well as heuristic mechanical arguments; see, for example, 4 22] . We establish the existence of an eigenvalue under the assumption that Poisson's ratio is zero. To our knowledge this is the rst rigorous proof in the subject of the edge resonance.
When Poisson's ratio is nonzero the internal symmetry is destroyed and our argument fails. One may assume that in this case the eigenvalue turns into a complex resonance lying close to the real axis.
Let us stress that the phenomenon described in this paper does not occur in the scalar situation: the Neumann Laplacian in a semi-strip does not have eigenvalues.
The 
The constants > 0, E > 0 and 0 are, respectively, the volume density, Young's modulus and Poisson's ratio of our elastic material. The constants c l p 2c t > 0 are the velocities of longitudinal and transverse waves. By ! we denote the (circular) vibration frequency, and by = ! 2 the spectral parameter. By ( ) we denote the spectrum of an operator, and by ess ( ) the essential spectrum. We have (A) = 0; +1). Indeed, the operator A is nonnegative and for any positive one can easily construct a sequence u n 2 D(Ã) such that ku n k H = 1 and kAu n ? u n k H ! 0 as n ! 1.
Naturally, (A) = ess (A). The fact that the spectrum of A is not discrete is, of course, a consequence of the unboundedness of G.
Further on we will be dealing with the special case c l = p 2c t which, as pointed out earlier, corresponds to zero Poisson ratio. In order to simplify notation we shall assume that c t = 1, which can always be achieved by a rescaling of the spectral parameter. respectively. An examination of formulae (2.6) The advantage of dealing with the operator A 4 is that it admits separation of variables, so its spectral analysis is quite straightforward.
Making a formal Fourier transform in the x 1 -direction u(x) =û(x 2 )e ix 1 ( is a real parameter) we obtain the operatorÂ 4 The eigenfunctions ofÂ 4 ( ) are obtained from the eigenfunctions of (6.7){(6.9) by symmetric continuation (see (6. 3)) to the full interval J. One only has to remember to exclude (in view of (6.4)) the parasitic eigenvalue = 2 2 and the corresponding eigenspaceû 1 const,û 2 0.
For a given 2 R the problem (6.7){(6.9) is an eigenvalue problem for a selfadjoint ordinary di erential operator with constant coe cients, and its analysis is performed by elementary techniques. Below we list the main facts resulting from this analysis.
The operatorÂ 4 ( ) has a discrete positive spectrum 0 < 1 ( ) 2 In other words, we have reduced the proof of Lemma 4.2 to the proof of an inequality for the eigenvalue problem (6.7){(6.9).
The problem (6.7){(6.9) is an eigenvalue problem for a self-adjoint ordinary differential operator with constant coe cients, so its characteristic determinant is expressed explicitly through elementary functions. The resulting transcendent equation for the eigenvalues k ( ) has been studied in great detail. The analysis of (6.7){(6.9) was initiated by Rayleigh 18] and H. Lamb 14] , 15], and followed by numerous works of other authors. The graphs of the functions k ( ) are known as the Rayleigh-Lamb dispersion curves, and their basic properties are described in textbooks on elasticity.
The number min 2R Comparing (2.10) and (6.12) we arrive at (6.11) . Note that the margin between the left-and right-hand sides of (6.11) is only 1%, which shows how fortunate we were with our choice (5.1), (5.5) of the test vector-function. This completes the proof of Lemma 4.2, and with it the proof of Theorem 2.1.
Appendix
The proof of (6.11) given above relies on the approximate numerical estimates (2.10), (6.12) , and may seem to be insu ciently rigorous. Therefore in this appendix we outline a more rigorous proof of (6.11).
We have + < 1:87; this fact can be derived from the analytic expression (2.10) using known rational appoximations for the number . We also know that 1 ( ) is a continuous even function. Therefore in order to prove (6.11) Further on we assume 6 = 0.
The two linearly independent solutions of (6.7) satisfying the boundary conditions (6.8) at it one can suggest ways of providing a rigorous proof. The most straightforward (though rather time-consuming) way is as follows. Examination of (7.9) gives the rough estimate jF 0 (z)j 100, 8z 2 (0; 0:935), so in order to prove (7.8) it is su cient to show that F(10 ?5 k) 10 ?3 ; 8k = 1; 2; : : : ; 93499: (7.10) Using the power series expansions for cos and sin one can prove each of the 93499 inequalities (7.10) by performing a nite number of arithmetic operations with rational numbers.
